Abstract. In this paper, we prove a new identity for values of the Hurwitz zeta function which contains as particular cases Koecher's identity for odd zeta values, the Bailey-Borwein-Bradley identity for even zeta values and many other interesting formulas related to values of the Hurwitz zeta function. We also get an extension of the bivariate identity of Cohen to values of the Hurwitz zeta function. The main tool we use here is a construction of new Markov-WZ pairs. As application of our results, we prove several conjectures on supercongruences proposed by
Introduction
The Riemann zeta function for Re(s) > 1 is defined by the series 
is the generalized hypergeometric function and (a) n is the shifted factorial defined by (a) n = a(a + 1) · · · (a + n − 1), n ≥ 1, and (a) 0 = 1. In 1978, R. Apéry used the faster convergent series for ζ(3), k to derive the irrationality of this number [21] . The series (1) first obtained by A. A. Markov [17] in 1890 converges exponentially faster than the original series for ζ(3), since by Stirling's formula,
A general formula giving analogous Apéry-like series for all ζ(2n + 3), n ≥ 0, was proved by Koecher [15] (and independently in an expanded form by Leshchiner [16] ). For |a| < 1, it reads Expanding the right-hand side of (2) by powers of a 2 and comparing coefficients of a 2n on both sides leads to the Apéry-like series for ζ(2n + 3) [16] : 
respectively. In 1996, inspired by this result, J. Borwein and D. Bradley [4] applied extensive computer searches on the base of integer relations algorithms looking for additional zeta identities of this sort. This led to the discovery of the new identity (6) ζ ( which is simpler than Koecher's formula for ζ(7), and similar identities for ζ(9), ζ(11), ζ (13) , etc. This allowed them to conjecture that certain of these identities, namely those for ζ(4n + 3) are given by the following generating function formula [3] : The validity of (7) was proved later by G. Almkvist and A. Granville [1] in 1999.
Expanding the right-hand side of (7) in powers of a 4 gives the following Apéry-like series for ζ(4n + 3) [3] : (8) ζ(4n + 3) = 5 2 
n−j−r (k)e (4)
In particular, substituting n = 0 in (8) gives (1) and putting n = 1 yields (6). It is easily seen that for n ≥ 1, formula (8) contains fewer summations than the corresponding formula for ζ(4n + 3) given by (3) . There exists a bivariate unifying formula for identities (2) and (7) (9)
It was originally conjectured by H. Cohen and then proved by D. Bradley [7] and, independently, by T. Rivoal [22] . Their proof consists of reduction of (9) to a finite non-trivial combinatorial identity which can be proved on the basis of Almkvist and Granville's work [1] . Another proof of (9) based on application of WZ pairs was given by the authors in [12] . Since
the formula (9) generates Apéry-like series for all ζ(2n + 4m + 3), n, m ≥ 0, convergent at the geometric rate with ratio 1/4 and contains, as particular cases, both identities (2) and (7). Indeed, setting x = a and y = 0 yields Koecher's identity (2) , and setting x = 0, y = a yields the Borwein-Bradley identity (7). Putting
we can rewrite (9) in a more symmetrical way
Here and below (u ± v ± w) means that the product contains the factors u + v + w,
In [12] , the authors showed that the generating function (10) also has a much more rapidly convergent representation, namely
The identity (13) produces accelerated series for all ζ(2n + 4m + 3), n, m ≥, convergent at the geometric rate with ratio 2 −10 . In particular, if x = y = 0 we get AmdeberhanZeilberger's series [2] for ζ(3), (14) ζ(3) = 1 2
It is worth pointing out that both identities (9) and (13) were proved in [12] by using the same Markov-WZ pair (see also [14, p. 702] for the explicit expression), but with the help of different summation formulas. A more general form of the bivariate identity (9) for the generating function
where A 0 , B 0 , C 0 are arbitrary complex numbers, was proved in [12] by means of the Markov-Wilf-Zelberger theory. More precisely, we have
, where
and L n is a solution of a certain second order linear difference equation with polynomial coefficients in n and x, y with the initial values
, then L n = 0 for all n ≥ 0 and we get the bivariate identity (9) .
First results related to generating function identities for even zeta values belong to Leshchiner [16] who proved (in an expanded form) that for |a| < 1, (16)
Comparing constant terms on both sides of (16) yields
In 2006, D. Bailey, J. Borwein and D. Bradley [5] proved another identity
It generates similar Apéry-like series for the numbers ζ(2n + 2), which are not covered by Leshchiner's result (16) . In the same paper [5] , a generating function producing fast convergent series for the sequence ζ(2n + 4), n = 0, 1, 2, . . . , was found, which for |a| < 1, has the form (18) 1 2
here B 2n ∈ Q are the even indexed Bernoulli numbers generated by
It was shown that the left-hand side of (18) represents a Maclaurin expansion of the function πa csc(πa) + 3 cos(πa/3) − 4 4a 4 .
Comparing constant terms in (18) implies that
The identity (18) gives a formula for ζ(2n+4) which for n ≥ 0 involves fewer summations then the corresponding formula generated by (16) . Note that a unifying formula for identities generating even zeta values similar to the bivariate formula (9) for the odd cases is not known.
The Hurwitz zeta function defined by
for s ∈ C, Re s > 1 and v = 0, −1, −2, . . . is a generalization of the Riemann zeta function ζ(s) = ζ(s, 1). In this paper, we prove a new identity for values ζ(2n, v) which contains as particular cases Koecher's identity (2), the Bailey-Borwein-Bradley identity (17) , some special case of identity (9) and many other interesting formulas related to values of the Hurwitz zeta function. We also get extensions of identities (9) and (13) to values of the Hurwitz zeta function. The main tool we use here is a construction of new Markov-WZ pairs. As application of our results, we prove several conjectures on supercongruences proposed by J. Guillera and W. Zudilin [10] , and Z.-W. Sun [25, 26] .
Background
We start by recalling several definitions and known facts related to the Markov-WilfZeilberger theory (see [17, 18, 19] ). A function H(n, k), in the integer variables n and k, is called hypergeometric or closed form (CF) if the quotients
H(n, k) and H(n, k + 1) H(n, k) are both rational functions of n and k. A hypergeometric function that can be written as a ratio of products of factorials is called pure-hypergeometric. A pair of CF functions
A P-recursive function is a function that satisfies a linear recurrence relation with polynomial coefficients. If for a given hypergeometric function H(n, k), there exists a polynomial P (n, k) in k of the form
for some non-negative integer L, and P-recursive functions a 0 (n), . . . , a L (n) such that
satisfies (19) with some function G, then a pair (F, G) is called a Markov-WZ pair associated with the kernel H(n, k) (MWZ pair for short). We call
In 2005, M. Mohammed [18] showed that for any pure-hypergeometric kernel H(n, k), there exists a non-negative integer L and a polynomial P (n, k) as above such that
is a ratio of two P-recursive functions. Paper [19] is accompanied by the Maple package MarkovWZ which, for a given H(n, k) outputs the polynomial P (n, k) and the G(n, k) as above.
From relation (19) we get the following summation formulas.
whenever both sides converge.
Formulas (20), (21) with an appropriate choice of MWZ pairs can be used to convert a given hypergeometric series into a different rapidly converging one.
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To ensure wider applications of WZ pairs for proving hypergeometric identities we use an approach due to I. Gessel [8] (see also [20, §7.3, 7.4] ). It is based on the fact that if we have a WZ pair (F, G), then we can easily find other WZ pairs by the following rules.
(i) For any complex numbers α and β, (F (n + α, k + β), G(n + α, k + β)) is a WZ pair.
(
The WZ pairs obtained from (F, G) by any combination of (i)-(v) are called the associates of (F, G). The WZ pair of the form (vi) and all its associates are called the duals of (F, G).
The identities
Theorem 1. Let a, α, β ∈ C, |a| < 1, α = β, and α ± a, β ± a be distinct from 0, −1, −2, . . . . Then we have
Proof. By the definition of the Hurwitz zeta function, we have
. Now define a Markov kernel H(n, k) by the formula
Applying the Maple package Markov-WZ we get the associated WZ pair
Now by Proposition A, we obtain
which implies (22) .
Multiplying both sides of (22) by β − α and letting β tend to infinity we get an extension of the Bailey-Borwein-Bradley identity to values of the Hurwitz zeta function:
Setting α = 1 in (24) yields the Bailey-Borwein-Bradley identity (17) . Replacing a by a/2 and α, β by 1 + a/2, 1 − a/2, respectively, in (22) and taking into account (23), we get Koecher's identity (2) .
Letting β tend to α in (22) and using the equality
we get the following.
Taking α = 1 in Corollary 1, we get the following identity for odd zeta values.
Note that the right-hand side equality of (25) also follows from the bivariate identity (9) or (12) as was shown by D. Bradley (see [7, Cor. 1 
]).
It is clear that identity (25) gives formulas for odd zeta values which are linear combinations of series generated by the bivariate identity (9) . Thus comparing constant terms on both sides of (25) gives Apéry's series (1) for ζ (3) . Similarly, comparing coefficients of a 2 gives formula (4) for ζ(5). It produces the following complicated expression for ζ(7) :
which can be written as
where K and B are right-hand sides of formulas (5) and (6), respectively. More generally, if we denote
then taking into account that
and comparing the coefficients of a 2n on both sides of (25), we get Corollary 3. Let n be a non-negative integer. Then
n−j−r (k).
Consider several other particular cases of Theorem 1. Replacing a by a/2, α by 1/2, and β by 1 in (22) and noting that
we get the following identity.
Corollary 4. Let a be a complex number, distinct from a non-zero integer. Then
.
In particular,
Substituting α = 1/3, β = 2/3, a = 0 in Theorem 1, we get
Now observing that 1 3 n 2 3 n = (3n)! 27 n n! and
) is the Legendre symbol), we get the following formula
n , which was conjectured by Z.-W. Sun in [25] . Substituting α = 1/4, β = 3/4 recovers Theorem 3 from [13] and in particular (when a = 0), it gives the following formula for Catalan's constant G :=
Applying Proposition B to the Markov-WZ pair found in the proof of Theorem 1, we get the following identity which generates Apéry-like series for the differences ζ(2n + 2, α) − ζ(2n + 2, β) converging exponentially fast as 2 −10 .
Theorem 2. Let a, α, β ∈ C, |a| < 1, α = β, and α ± a, β ± a be distinct from 0, −1, −2, . . . . Then
where
Setting α = 1/3, β = 2/3, a = 0 in Theorem 2, we get the following fast converging series for the constant K :
Setting α = 1/4, β = 3/4, we recover Theorem 4 from [13] . Multiplying both sides of (27) by β − α and letting β tend to infinity we obtain an extension of Theorem 2 from [11] to values of the Hurwitz zeta function
. In particular, setting α = 1, a = 0 in (28) we get Zeilberger's series [30, §12] for ζ(2),
Replacing a by a/2 and α, β by 1 + a/2, 1 − a/2, respectively, we recover Theorem 4 from [11] . Letting β tend to α in (27), we get the following Corollary 5. Let a, α ∈ C, |a| < 1, and α ± a be distinct from 0, −1, −2, . . . . Then
Setting α = 1 in Corollary 5 we get the following identity.
Corollary 6. Let a ∈ C, |a| < 1. Then
Setting a = 0 in Corollary 6 we get Amdeberhan-Zeilberger's series (14) for ζ(3).
The next theorem gives a generalization of identity (12).
Theorem 3. Let α, a, b ∈ C and α ± a, α ± b be distinct from 0, −1, −2, . . . . Then the following identity holds:
Proof. Taking the kernel
and applying the Maple package MarkovWZ we get that
and G(n, k) = F (n, k) 5n 2 + 6αn + 4n + 2α + 2α 2 + 1 − a 2 − b 2 + k(2k + 6n + 4α + 2) 2(2n + 1)(n + 2k + 2α) give a WZ pair, i.e.,
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Now by Proposition A, we get
which implies (29) .
Making the substitution (11) in (29) we get a generalization of Cohen's identity to values of the Hurwitz zeta function.
Corollary 7. Let x, y, α ∈ C, |x| 2 + |y| 4 < 1 and α = 0, −1, −2, . . . . Then
Setting α = 1/2, x = y = 0 in Corollary 7 we get the following formula:
Applying Proposition B to the Markov-WZ pair used in the proof of Theorem 3 we get the following identity.
Theorem 4. Let α, a, b ∈ C and α ± a, α ± b = 0, −1, −2, . . . . Then
Making the change of variables (11) in Theorem 4 we get a generalization of the identity (13) to values of the Hurwitz zeta function. 
Formula (30) produces accelerated series for the values ζ(2n + 4m + 3, α), n, m ≥ 0, convergent at the geometric rate with ratio 2 −10 . Remark. Note that Theorem 4 can also be obtained from Proposition A applied to the Markov-WZ pair associated with the kernel
(3n+2k +2α).
Hypergeometric reformulations
Theorems 1, 3 admit nice reformulations in terms of the hypergeometric and digamma functions which can be useful in their own. Let us recall the definition of the digamma function that is the logarithmic derivative of the Gamma function
Obviously, ψ(1) = −γ, where γ is Euler's constant. The function ψ(z) is single-valued and analytic in the whole complex plane except for the points z = −m, m = 0, 1, 2, . . . , where it has simple poles. It's connection with the Hurwitz zeta function is given by the formula
Now it is easily seen that Theorems 1 and 3 are equivalent to the following statements.
Theorem 5. Let a, α, β be complex numbers such that α ± a, β ± a be distinct from 0, −1, −2, . . . . Then we have 
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Dividing both sides of the identity in Theorem 5 by β − α and letting β tend to α, we get the following.
Corollary 9. Let a, α be complex numbers such that α±a be distinct from 0, −1, −2, . . . .
Then we have
Multiplying both sides of the above equality by (α − a) 2 and letting α tend to a, we get the following identity.
Corollary 10. Let a be a complex number such that 2a be distinct from 0, −1, −2, . . . .
Taking, for example, a = 1/4 in the above identity we get the following non-trivial summation formula:
Corollary 11. Let n be a non-negative integer. Suppose that α, β are complex numbers such that 2β and α + β are distinct from −n, −n − 1, −n − 2, . . . , and α − β = n, n − 1, n − 2, . . . . Then we have
Proof. To prove (32), it is sufficient to consider both sides of the identity from Theorem 5 as meromorphic functions of variable a and compare corresponding residues at the simple pole a = β + n, where n is a non-negative integer, on both sides. Imposing the restrictions on α, β formulated in the hypothesis implies that the residue on the left-hand side of the identity of Theorem 5 is equal to −1, and clearly, we have
Now taking into account that
= (α − β + n + 1)(3n + 2β + 1), and 4 n (3/2) n = (2n + 1)!/n!, we get the required identity.
Similarly, from Theorem 6 we get Corollary 12. Let n be a non-negative integer and a, α be complex numbers such that 2α = −n, −n − 1, . . . , and α ± a = −n − 1, −n − 2, . . . , −2n − 1. Then we have
Proof. To prove (33), we rewrite the identity of Theorem 6 in the form
15 where
replace b 2 by z and consider both sides of (34) as meromorphic functions of variable z. Suppose that 2α is distinct from −n, −n−1, . . . . This restriction ensures that (n+α) 2 = (j + α)
2 for any non-negative integer j = n. Now equating residues on both sides of (34) at the simple pole z = (n + α) 2 , where n is a non-negative integer, we have
Here in the last equality we used the fact that
Finally, after simplifying based on the cancelations
we get the required identity.
Setting α = 1 and replacing n by n − 1 in (33) we get Corollary 13. Let n be a positive integer and a be a complex number such that ±a = −n − 1, −n − 2, . . . , −2n. Then we have
Formula (35) generalizes similar identities from [7, §2] . In particular, substituting a = √ c/n gives [7, Corollary 2] and substituting a = i √ b + n 2 gives [7, Corollary 3].
Supercongruences arising from the Amdeberhan-Zeilberger series for ζ(3)
In this section, we consider supercongruences arising from the Amdeberhan-Zeilberger series (14) for ζ(3). In [10] , Guillera and Zudilin proposed conjecturally a p-adic analog:
In [26] , Z.-W. Sun formulated more general conjectures: let p be an odd prime, then
where B 0 , B 1 , B 2 , . . . are Bernoulli numbers. Moreover, Sun [26] introduced the related sequence a n = 1 8n 2 2n
and conjectured that for any positive integer n, a n should be a positive integer. In this section, we confirm these conjectures (with the only exception that we prove (36) modulo p 5 ) and prove the following theorems.
Theorem 7. Let n be a positive integer and let
Then the following two alternative representations are valid:
Theorem 7 implies immediately the following
Corollary 14. For any positive integer n, a n := 
The proof of Theorem 7 is contained in the following two lemmas.
Lemma 1. For any positive integer N, the following identity holds:
Proof. Consider the Markov kernel H 1 (n, k) defined in (31) for α = 1, a = b = 0 :
Then the corresponding to it WZ pair has the form
where q(n, k) = (n + 1) 4 (205n 2 + 250n + 77) + k(254 + 344k + 1526n + 3628n 2 + 888k 2 n + 2928kn 2 + 4268n 3 + 248k 2 + 101k 3 + 1648kn + 574n 5 + 2486n 4 + 22k 4 + 2k
It is easy to show (see Proposition C or [20, Ch. 7] ) that the pair (F ,Ḡ) given bȳ
is its dual WZ pair, for which
It turns out for our further proof that it is useful to consider the usual binomial coefficient r k in a more general setting, i.e., to allow an arbitrary real number to appear , and to allow an arbitrary integer in the lower. We give the following formal definition (see [9, §5.1]:
After this elaboration we see thatḠ(n, k) is defined for all integers n, k. Rewritinḡ F (n, k) in the form
we can conclude thatF (n, k) is well defined for all n, k ∈ Z. Now we can show that relation (37) takes place for all integers n and k. Indeed, if k < 0 or if k = 0 and n < −1, then all parts in (37) are zero. If k = 0 and n ≥ −1, thenḠ(n, k) = 0, G(n, k + 1) = 2(2n + 3),F (n + 1, k) = 2(n + 2) 2 , F (n, k) = (n + 1) 2 , and relation (37) is equivalent to the obvious equality
If k > 0 and n + k < 0, thenF (n, k) =Ḡ(n, k) = 0, and therefore (37) holds. If k > 0 and n + k ≥ 0, then canceling common factorials on both sides of (37) we get the equality (n + 2k) 4 q 1 (n + 1, k) − (n + k + 1) 4 q 1 (n, k) = 2(2k + 1)(n + 2k) 4 (n + 2k + 1) 4 (3k + 2n + 3) + k 5 (n + k + 1) 4 (3k + 2n), which can be easily checked by straightforward verification. Now let N ∈ N. Considering relation (37) at the point (n − N, k) we have 
Proof. Let N ∈ Z, N ≥ 0. Put To evaluate the hypergeometric series on the right-hand side of (41), we apply Whipple's transformation [29, (7.7) ] which transforms a Saalschutian 4 F 3 (1) series into a wellpoised 7 F 6 (1) series (see [23, p. 61, (2.4.1.1)]): 
Therefore from (41) and (43) (−1)
